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As i s well known (see, e.g. ,  [1 ] ) ,  the l a rge - s ca l e  turbulence in the ocean and a tmosphere  can be assumed to be 
quas i - two-dimensional .  The in te res t  in these  motions is p r imar i l y  due to the fact that they possess  high ene r -  
gies,  and the i r  ro le  in the genera l  c i rcula t ion  is substantial .  In this  connection we address  the important  p rob-  
l em of spec t ra  of two-dimensional  turbulence.  

The dynamics  of turbulence in planar flows d i f fe rs  substant ial ly f rom that  of t h ree -d imens iona l  flows 
[2, 3]. This  is due to the p resence  of an additional in tegral  of motion,  the ens t rophy (equal to half of the mean 
square  vort ici ty) ,  which exis ts  only in the two-dimensional  c a s e .  F o r  sufficiently large Reynolds numbers the 
cascade p rocess  of ens t rophy t r a n s f e r  with finite velocity ~2 in the sma l l - sca l e  reg ion  becomes  dominant.  
Dimensional i ty  considera t ions  in the iner t i a  in terva l  lead then to a turbulence spec t rum of the fo rm  

Eh = Cse22/3 k -a, 

The hypothesis  of spec t r a l  ens t rophy t r an spo r t  and the "minus t h ree"  law following f ro m  it were  f i r s t  fo rmu-  
lated by Kraichnan [2]. 

1. We obtain this  r e su l t  as an exact  solution of the equations of motion in the d i rec t  in teract ion approxi-  
mation.  We wri te  the Eu le r  equation in the F o u r i e r  r ep resen ta t ion  

ov~ i n ~ v  ('_.~.,v 6 (1 .1)  -- ~k ~ ~l~k.~ (k + k~ + k~) dk~dk~, 

where  

ke~k~ 
P ~ '  = kvh~ ~ + k~h~v; h~ ~ = ~ -- ./.~-; 

and v k is the F o u r i e r  t r a n s f o r m  of the veloci ty  field. 

To study the s ta t i s t ica l  cha rac t e r i s t i c s  of Eq. (1.1) it is convenient to use Wyld's d iagrammat ic  technique 
which is based on two se r i e s ,  for  the Green function G~w and for  the pair  c o r r e l a t o r  of the velocity field [& 

J ~ .  F i r s t - o r d e r  per turbat ion  t heo ry  cor responds  to the d i r ec t  in teract ion model  [5]. In the th ree -d imens iona l  
case  this  approximation gives for  the spatial  spec t rum of the kinetic energy the asymptot ic  equation Jk ~ k-~/2, 
which cont radic ts  the Kolmogorov hypothesis  of se r f - s imi la r i ty .  The drawback of this scheme is that it exag-  
gera tes  the effect  of l a rge - s ca l e  motions on the evolution of sma l l - s ca l e  inhomogeneit ies [6]. 

Some of the most  divergent  d iagrams,  descr ib ing  pure t r anspor t ,  were  summed up by LTvov [7]. The improved 
equations,  as shown in [8], have an exact  solution cor responding  to a Kolmogorov spec t rum.  The subscr ip ts  of 
s ta t ionary  hel ici ty spec t rum were  found [9] within the f rame of these equations.  A s imi la r  procedure  is used in 
the present  paper  to find spec t r a  of two-dimensional  turbulence .  

The improved d i rec t  in terac t ion  equations are  [8] 

~q = (~ _ ~_q,~-l, lq := ] Gq I: 5q (q ---- k, co), 

~ q :  y IF: klk=j~V l"~'~qj+q,[+~(q_~q,g._q,)__5(q=bq,)]dqxdq,, 
where  G~ = Gq5~; ~/~ = 7qh~; Gq = <G'k,o~--kv>v; Jq = <~k,+--kv>v; (''')V is the average ove r  a random veloci ty field 
at an a r b i t r a r y  point r ,  t by means of the Wyld p rocedure ,  and 

~+~. = r ~ ,  �9 ~1k~1 ] ~,~.~.~. r~ kl~ 2 [hk k~l-+- ~'kl ~k~ 

is the peak, being a homogeneous function of its arguments .  In the two-dimensional  case it sa t i s f ies  the iden- 
t i t ies  
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T,~ll3v F.~ va r,v ~zf~ k [k lk 2 - ~  K1 k2 k "@ ~tk2 klg I = 0; (1.2) 

" k. I k 1 Ik2k  - ; -  k21% kkz = 0, (1.3) 

which are  consequences  of the ene rgy  and ens t rophy conserva t ion  laws. 

We fu r the r  define the following combinat ion [10]: 

Lq = 2i Im [ tl,qGq + Iq ~q],  
e~a 

with L q = 0  being equivalent to the Dyson equation for  Iq. We have 

0 = Lk = .!. Lk,,doJ = Im j' do)dqzdq~6 (q + ql + q..) F~ I~k~k~ 

In the case  under cons idera t ion  this  equation is s im i l a r  to the kinetic equation wave in the theory  of weak 
turbulence  for  the nondecaying d i spe r s ion  law. 

F i r s t  we find a solution of Eq. (1.4) desc r ib ing  the rmodynamic  equi l ibr ium.  F o r  this  we rewr i t e  the inte-  
grand function in (1.4) in the f o r m  

lm{F~ av - ~--t v . .~  ~ - -~ o ,e - ~-1 / �9 , , 

whence it is seen  that due to (1.2) Eq. (1.4) admits  a solution 

r !mGq. )q= T 

A more general solution is of the form 

7q = -~ hn Gq 
�9 a - + - b k  " - - ~ 2 '  a and b -  eonst, 

making (1.4) vanish due to ens t rophy conserva t ion .  

Another  solution of this  equation, desc r ib ing  nonequil ibrium flow dis t r ibut ions ,  is sought in the s ca l e -  
invar iant  f o r m  

G = -iv, 

The f i r s t  r e la t ion  between the unknown indices  is obtained f r o m  the Dyson equation 

2 s + p  = 2 t - t - d ,  

where  t is the homogenei ty  power of the in terac t ion  p a r a m e t e r ,  and d is the d imensional i ty  of space .  

One more  re la t ion  between s and p can be found by  applying the fac tor iza t ion  procedure  [8, 11] to Eqo 
(1,4). 

(!.5) 

We p e r f o r m  a conformal  t r a n s f o r m a t i o n  

O) = 0)" 011 ~-~ ~ ,  ' k s k s 

In this case  the second t e r m  in (1.4) at the s ca l e - i nva r i an t  s p e c t r u m  (1.5) t r a n s f o r m s  to the f i r s t  one with a 
f ac to r  (k/k2) x, where  x = 2 t  + 2 d -  s -  2p. 

The th i rd  t e r m  in (1.4) is s i m i l a r l y  t r a n s f o r m e d .  As a r e su l t  the integrand function is 

lurk2 + { ~' u Iv- 1 

The cur ly  b racke t  can be made to vanish both due to energy  conserva t ion  (the solution with x =0) and due 
to ens t rophy  conserva t ion  (the solution with x = - 2 ) .  As a r e su l t  we have, r e spec t ive ly ,  for  the spa t ia l  s p e c t r a  

Eh =2akSIh,,,d.~ 

El, ~ k ~5''~ x = O, s = 7 ,  p =  ' 

Ek N k  -3 (x = - - 2 ,  s = 0 ,  p =4) .  

2. We evaluate  the ene rgy  and ens t rophy flow d i rec t ions  f r o m  the spec t rum.  We wri te  the energy  balance 
equation 
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ot 2 lm,1 ~ k k~.-kki~.zu (k + k~ + ko) dkidk ~, 

where  a~v ' k~ ' k~) ,~* ,~ v , l ~ k ~  (k T g- = < / ' k / ' k l l ' k 2 ) .  ' 

r162 ao 

This  equation conse rves  the to ta l  energy  ~ E~dk and the to ta l  vor t ie i ty  f],'~E~,dk. It has the f o r m  of a continuity 
0 0 

equation, t h e r e f o r e  the r ight -hand side can be r e p r e s e n t e d  as a d ivergence  of cor responding  flows 
k 

8i = ~ y dkk ~+~ I " Im t'F~ ~k2ok~t~. ~ v  ral~V 6 (k + k~ -~-' k~.)dk~dk,~, 
0 

where  i =0 co r r e sponds  to ene rgy  flow, and i =2 to ens t rophy flow. 

We e x p r e s s  ~J~'~'Tk as a s e r i e s  in powers  of G k andd gk" In the d i rec t  in terac t ion  approximat ion  we have 
in the s t a t iona ry  e a ~  1 2 

kk~k~ , fi~ G r r PY  I czf~ ~ / I " ; . , . 

As a r e su l t  we obtain for  ai 
k 

e~ = ~ S k~+tL~dk' 
0 

F o r  a power dis t r ibut ion for  the spa t ia l  s p e c t r u m  

J~ = c~k -v~ 

L k also has  a s ca l e - i nva r i an t  f o r m  
L~ = D(x)k -d+x. 

We then find in the case  of convergence  of L k for  the d is t r ibut ion (2.3) the following e x p r e s s i o n  for  e i 
in accordance  with (2.2): 

e~ = ak ~+d Lh/(x § i). 

F o r  x = - - i  e i contains a s ingular i ty  of type 0/0, t h e r e f o r e  we obtain for  flows a~ s ta t ionary  spec t ra*  

e~ = ak~+OOL~/Ox].~=_~. 

To find the der iva t ive  it is convenient  to use the fac tor iza t ion  equation for  L k in the f o r m  

L~ = + k ' lm ~'do)dq,dq,~(q + qt § q,) [F~- ~v 

§  qlaq2 qJ I k l l r 2 4 7  - , , t , + , .  

Hence we have for  ei 

(2.2) 

(2.3) 

C'~/sk d y dktdk~8 (k + k 1 + k~) 0khl% (kklks) -~i 
(2.4) 

oo 

where  0t, l~N = I g (k't) I (k~t) ] (k~t) dt is a pos i t ive-def in i te  function (see,  e .g. ,  [3]), which for  co r r e spond in g  app rox i -  
0 

mations  can be p e r f o r m e d  s y m m e t r i c a l l y  in permuta t ions  of the i r  a rguments  [2, 13, 14]. It is seen  f r o m  (2 .4 )  
that  c i -~ e~ a, which, natural ly ,  a lso  follows f r o m  dimens ional i ty  cons idera t ions .  

In the two-d imens iona l  case  it follows f r o m  Eqs.  (1.2), (1.3) that  

k ~ -  k~ ~ a  13, 

k ~ k s (2.5) 
= - 

~1 - -  - 2  

*A s i m i l a r  r e l a t ion  for  flows holds in the theory  of weak turbulence  [12]. 
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Substi tuting (2.5) into (2.4) and introducing new v a r i a b l e s  by k 1 =kv, k 2 =ku, we finally obtain for  8 i 

~0 d,,d,,o,o~, [r, I~,,1 (,,~)-~+1 

x [ u  s - v s + ( , s  _ i )  u '~ - (us  _ 1) , " ]  {(,~ - 1) d l ~  ~ -  (uS _ l )  d ~ ,1. 
The reg ion  of in tegrat ion A is de te rmined  by the t r i angu la r  inequaltiy with s ides up v, and 1: l u -v [  -<1-< 

u +v.  The flow d i rec t ions  a re  given by the sign of the in tegral  (2.6); for  sign 8 i> 0 the flow is d i rec ted  to the 
range  of l a rge  wave numbers ,  and for  the opposi te  inequality - toward sma l l  wave numbers .  

It follows f r o m  the analys is  (see Appendix) that  the integrand function in (2.6) is s ign-def in i te ,  with 

sign e0 = -s ign Pc,(P,) -- 2), sign % = sign P2(Ps ~ 2). 

F o r  the nonequi l ibr ium solutions P0 =s/3 and P2 =4 we have in this case  

sign % .~ O, sign e 2 2> O. 

The resu l t  obtained can  be found in [15, 16] by other  cons idernt ions .  

3. F o r  the r e s u l t s  obtained to have physical  sense  i t  is n e c e s s a r y  to prove the local i ty of turbulence .  
The la t te r  physical ly  impl ies  that vor tex  in te rac t ion  with sca les  of the same  o r d e r  a re  much s t ronge r  than 
vor tex  in teract ions  of di f ferent  s ca l e s .  F o r m a l l y  the locali ty p rope r ty  r equ i r e s  that  the in tegra ls  in {1.4) con- 
verge .  E l e m e n t a r y  analys is  shows that  the in tegra ls  in (lo4) converge  at the upper  l imi t  for  both spec t r a .  

Cons ider  the convergence  in the reg ion  ql<<q (q2 ~q)-  In this case  the most  dangerous  t e r m s  with which 
mos t  of the d ivergence  in (1.4) is re la ted  are  th~ t e r m s  propor t ional  to J q :  

F o r  sma l l  ql with account of k k~k 2 --  F~[~k and the use of identity (1.2) and the p rope r ty  Gq=-G_*q these  
t e r m s  are  grouped into the e x p r e s s i o n  

~k ~ (3.!) 
f " " a ~  r a  ~,V 

0 

The integrat ion is c a r r i e d  over  the region where  the radieand is posi t ive.  

Since the s p e c t r u m  is F~ ~v~  ~v _ kk' k [k~k~ 0 ,* this  guaran tees  convergence  of the in tegra l  (3.1) and impl ies  
locali ty of the s p e c t r a  obtained.  

4. Since the ens t rophy flow is d i rec ted  toward l a rge  wave number s ,  when the wave vec tor  approaches  the 
in ternal  Kolmogorov  sca le  ~2 = (v/e~/~) ~/s (v is the molecu la r  v i scos i ty  coefficient) the vor t i c i ty  s p e c t r u m  must  
vanish.  We find the co r r ec t i on  to the vor t ic i ty  s p e c t r u m  due to the vanishing effect  in the reg ion  k ~  <1, where  
d i rec t  account of v i scos i ty  in the hydrodynamic  equations cannot be taken.  

F o r  this  purpose  we l inear ize  Eq. (1.4) ove r  the vor t ic i ty  spec t rum.  The per turba t ions  a re  r ep re sen t ed  
in the f o r m  

where  a is an unknown power de te rmined  by the vanishing effect .  

Af ter  inl~egration ove r  k the l i n e ~ i z e d  equation 6Lq--O acqui res  the following f o r m  for  the cor rec t ion:  

S 5L~,~dk hn ~ ~ I~, s r ~ ,  ~ (k + k~ q- k~) dkdk~dks O, .t k ]k lk2~ ' J  k k l k 2  ~ 

taf4"r where  ~ , .~% is the l inear ized  e x p r e s s i o n  for  r ~ v  of (2.1). After  a conformal  t r a n s f o r m a t i o n  over  f requency  *~ k k l k  s 

we r e a c h  the equation 

IF a t~v • 1 7 6  ~p~ Iw - - [  ~ ~'~v ~ l~ r~e,"r ImSdkdq, dq,~6 (q -i- q i- l -q,) [  I~ ikal% , i,"~-i. ) --le 1 Ik2k-U t ~'-2 ) JI.k~ kklj'J,#qqlq2= O, 

where  g = (i/Ss)(2 + ~), ~ = f 6 ((o + o h + r d~od(.hd~o.,J~q~s. 

*This upper  l imit  s ingular i ty  was noted in [9]. 
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By identity (1.2) this  e x p r e s s i o n  vanishes  at y = 0 ,  whence ~ = - 2 .  Thus,  8 J k ~ k 2 J  k. At the viscous  
boundary 5J  k ~ Jk,  and the power s p e c t r u m  mus t  be cut off [7]. We then have fo r  k~ 2 < 1 

Ej ,  = c~8~/3k - ~  [ i - -  c (k~)2], 

where  c is a posi t ive d imens ion les s  coefficient  of o r d e r  unity. 

We note that  the viscous  c o r r e c t i o n  to f requency  vk 2 is (tr 2 t i m e s  s m a l l e r  than the Kolmogorov  f r e -  
quency w k ~ e ~ k  ~ t h e r e f o r e  d i rec t  account  of  v i scos i ty  leads  to a co r r ec t i on  to Jk  of  the s ame  o rde r :  

6 I k / . f k  N cs(klq~) ~, c3 " "  i .  

F u r t h e r  turn ing  attention to the fact  that  if the v i scos i ty  is nonvanishing an in te rva l  of v iscous  d i ss ipa t ion  
is genera ted ,  an e n e r g y  flow 8'0 appea r s  in th is  case  in the r eg ion  of l a rge  wave numbers .  F o r  low v i scos i ty  
this  flow is s m a l h  

and the s t a t i s t i ca l  r e g i m e  in this  region is mos t ly  de t e rmined  by  ~he ens t rophy flow. 

5. The s ingle-f low s p e c t r a  obtained above must  be r ea l i zed  in two iner t ia l  in te rva l s ,  while the s p e c t r u m  
E k -  e~Sk-~/~ is r ea l i zed  for  k<<k0, where  k0 -1 = L  is the sca le  of exci ted tu rbulence ,  and E k ~ e~ak-3 for  k>>k 0. 

Two-f low dis t r ibut ions  are  r ea l i zed  under r e a l  conditions: A c o r r e c t i o n  with constant  energy  appea r s  on 
the background of a Kolmogorov  s p e c t r u m  with constant  vor t ic i ty ,  and vice v e r s a . *  The two-f low dis t r ibut ion  
can be e x p r e s s e d  in t e r m s  of the d imens ion les s  function F depending on the flow ra t io .  

In th is  case  the s e r f - s i m i l a r  solut ion is 

The explanat ion of specif ic  s t r u c t u r e s  of two-f low dis t r ibut ions  r e q u i r e s  s e p a r a t e  t r e a t m e n t .  

A P P E N D I X  

Due to the s y m m e t r y  of the integrand function in (2.6) and the in tegra t ion r eg ion  in u ~ v  it is suff icient  
to cons ider  the case  a > v to de t e rmine  the sign of the integral .  In this case  it is n e c e s s a r y  to cons ider  t h r e e  
regions:  1) 0 < v < l ,  u > l ;  2) v > l ,  u > l ;  3) 0 < v > l ,  0 < u < l .  The sign of the in tegra l  is de te rmined  by the sign 

of the product  
[u ~ --  v ~ + (v ~ --  t) u v i  - -  ( u  ~ - -  1) v V i ] { ( v  ~ - -  t) u ~ in u - -  (u ~ --  l) v r In v}. 

We de t e rmine  the s igns  of the f a c t o r s  in the reg ions  under  cons idera t ion  

g (u, v, p~) ~ [ u  2 --  ~'~ -4- (v 2 --  t) u v~ - -  ( u  ~ - -  1) vV~],  

OK 
K ( u , t  pi)=O,"gT, 2 v ( u  v~ "~ ~,i-1. , = - -  1 )  - -  P W  (u" - -  1 )  ~ F ( u ,  v ,  P i ) ,  

OF : Pi -~- " -  
F( I ,  v, P0 = 0, ~ = 2 p ~ u v  ~u -- v v '  ~)" 

F o r  u > v sign(aF/Ou) = s ign Pi (Pi -  2). 

Then fo r  O < v < l ,  u > l  s ign F(u,  v, pi) = s ign (SK/Ov) =s ign  p i (P i -2 )  and sign K(u, v, Pi) = - s i g n  p i (P i -2 ) .  

F o r  v > l ,  u > l  sign F(u,  v, pi )-= sign (8K/3v)=sign pi(Pi--2) and sign K(u, v, P i )=s ign  p i (P i -2 ) .  

F o r  0 < v < l ,  0 < u < l  sign (8K/8v) = -  sign p i (P i -2 )  and sign K(u, v, Pi) = - s i g n  (8K/Sv)=sign p i (P i -2 ) .  

Cons ider  the s ign of the function 

r v)----- (v 2 -  i)u ~ l n u -  (u ' 2 -  l)v ~ l n v ~  (v ~ -  i)(u z -  l)[r 

.~' in x where  ~i (x) = Z-----T' ~ = 0, 2. 

! 

l n x  since q0(x)<0,  gv0(u)-gv0(v)<0 for  u > v .  We then have i n t h e  regions  u > l ,  v > l  and 0 < v < l ,  a) (p0 (x) = ::_----7; 

0 < u < l  ~0(u, v) <0, and for  0 < v < l ,  u > l  ~0(u, v) > 0; 

*This is indicated by numer i ca l  ca lcula t ions  (see,  e.g. ,  [17]). 
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x 2 ]l~ x b) %(x) : ~ "  since ~2(x)>0 it follows that ~02(u)-~o2(v)>0 for u>v. Inthis  case we have inthe regions 
x ~ -  1 '  

where u > l , v > l a n d  0 < v < l ,  0 < u < l , r 1 6 2  0 < v < l , u > l .  Thus, 

sign ~o -~ sign K.sign (:I) o ---- --signpo(po -- 2), sign e2 = sign K.sign dP 2 -= sign P2(P2 - -  2) .  
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